Sequences with almost perfect linear complexity pro"le are of importance for the linear complexity theory of sequences. In this paper we present several constructions of sequences with almost perfect linear complexity pro"le based on algebraic curves over "nite "elds. Moreover, some interesting consequences and examples are derived from our constructions.
INTRODUCTION
Because of their cryptographic signi"cance, sequences with almost perfect linear complexity pro"le are extensively investigated (see [1}5, 7, 8] ). However, most papers are mainly concerned with existence or nonconstructive results. For instance, a criterion for d-perfect sequences in terms of the continued fraction expansion of the generating function is given in [1, 2] and the Hausdor! dimension of the set of d-perfect sequences is determined in [3] . In the paper [8] , a construction of d-perfect sequences based on curves over "nite "elds is given and some interesting examples are presented there. The present paper is the continuation of [8] in the sense that the construction in [8] is being extended in this paper by again using curves over "nite "elds. We also give some consequences and calculate some explicit d-perfect sequences from our constructions.
Let us brie#y recall some concepts regarding linear complexity pro"les of sequences. The linear complexity pro"le (simply denoted by lcp) of an in"nite sequence a of elements of a "nite "eld is the integer sequence
where l a (n) is the linear complexity of the "rst n terms of the sequence a. The sequence a is called almost perfect if
A sequence a is called d-perfect for a positive integer d if one of the following equivalent conditions holds:
There is also the notion of a sequence a with perfect linear complexity pro"le, i.e.,
where U v V denotes the least integer bigger than or equal to the real number v. In other words, a sequence with perfect linear complexity pro"le is nothing but a 1-perfect sequence. There is a very simple criterion for binary 1-perfect sequences [2, 7] . However, for q53 no simple criteria for 1-perfect sequences over F O are known, except a criterion in terms of continued fraction expansions in [1, 2] . Section 5 in this paper presents some explicit 1-perfect sequences to illustrate our constructions in Section 3.
BACKGROUND ON CURVES OVER FINITE FIELDS
For the "nite "eld F O , let X be a smooth, absolutely irreducible, projective algebraic curve de"ned over F O . We express this fact by simply saying that X/F O is an algebraic curve. A point on X is called rational if all of its coordinates belong to
In this paper we always mean a rational divisor whenever a divisor is mentioned.
We denote by F O (X) the function "eld of X. An element of F O (X) is called a function. We write .
for the normalized discrete valuation corresponding to the point P of X/F O . Let x3F O (X)!+0, and denote by Z(x) (respectively, N(x)), the set of zeros (respectively, poles) of x. We de"ne the zero divisor of x by (x) "
P3Z(x)
.
and the pole divisor of x by
Then (x) and (x) are both rational divisors. Furthermore, the principal divisor of x is given by
The degree of div(x) is equal to zero, i.e., deg ((x) )"
For a rational point P of X, an element t of F O (X) is called a local parameter at P if .
(t)"1. Such a local parameter always exists for any rational point. Now we choose a sequence +t
hence, we know that
. In this way we continue our construction of a P ; then we obtain an in"nite sequence +a
for all m5v. We summarize the above well-known construction in the formal expansion
This is called the local expansion of f at P. The above local expansion (7) will be the core of our constructions. We will use only the special case where t P "tP for some local parameter t at P. For further background on algebraic curves and their function "elds, we refer to [6] .
CONSTRUCTIONS OF d-PERFECT SEQUENCES
In this section we describe several new constructions of d-perfect sequences based on algebraic curves over "nite "elds. For the sake of easier reference we also recall the construction from [8] which is case (i) of Construction 1 below.
We "x some notations for this section:
CONSTRUCTION 1. This construction was presented in [8] for the case where .
( f )50. Now we extend this construction for the case where .
( f )(0. Let us recall the result from [8] :
where the a L are elements of F O . De"ne the sequence consisting of some coe$cients of the above expansion,
then we have
Proof. The local expansion of tTf at
The result follows from Proposition 3.1.
where the a L are elements of F O . De"ne the sequence consisting of the coe$cients of the above expansion,
Proof. It is su$cient to prove that
for i"1, 2, 2 , n!r. Consider the functioņ
Since P O0 and f , F O (t), we know that¸is a nonzero element of F. By applying the recursion (8) and considering the local expansion of¸at P, we obtain
On the other hand, the pole divisor of¸satis"es
Therefore,
This implies that a ( f ) is (d#v!1)-perfect.
Proof. Apply Proposition 3.3 with f replaced by ftT> and use the argument in the proof of Proposition 3.2.
CONSTRUCTION 3. Suppose that .
( f )"!v40. Consider the local expansion of f at P,
De"ne the sequence consisting of some coe$cients of the above expansion,
for all n5d.
Suppose that there exist r#14n elements ,
Since P O0 and f ,F O (t), we know that¸is a nonzero element of F. By applying the recursion (9) and considering the local expansion of¸at P, we obtain
4d#2r.
Therefore, n#14d#2r; i.e., r5 n!d#1 2 .
The result follows.
SOME GENERAL RESULTS
In this section we discuss some consequences of the constructions in Section 3. For two sequences a"(a , a , a , 2 ) and
and a * b :
Proof. This is a direct consequence of Proposition 3. Proof. This is a direct consequence of Proposition 3.1.
The second topic of this section is the investigation of the lcp of sequences with a few changed terms. Our result shows that sequences from our constructions keep the same bounds on the lcp if a limited number of terms are changed. 
is less than or equal to the divisor
Let c , c , 2 , c K be m arbitrary elements of F O and consider the new sequence Proof. Consider the curve X de"ned by
y#y"g(x).
Let P be the common zero of x and y. Then t : "x is a local parameter at P and deg ( (t) )"2 and deg ((y) )"d. It is easy to verify that the local expansion of y at P is y"
The desired result follows from Proposition 3.1.
An example of Proposition 4.4 will be given in Section 5.
EXAMPLES OF d-PERFECT SEQUENCES
In this section we explicitly calculate two examples to illustrate our constructions in Section 3 and Proposition 4.4, respectively. EXAMPLE 5.1. Some d-perfect sequences over F are computed in this example from our constructions in Section 3. We list them in the following table.
Our base curves are the projective line¸with the function "eld F (¸)"F (x) and the elliptic curve
E: y"x!x#1
with the function "eld F (E)"F (x, y). All sequences are obtained from expansions at the point x"0 for the projective line and the point
